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MODELLING  AND  ANALYSIS  OF  THE  TECHNOLOGICAL  P ROCESSES 
USING  FINITE  ELEMENT  METHOD 

 
 

Paper presents the problem of modelling and analysis of metalworking processes. Technological processes 
were considered as a geometrical, physical and thermal boundary and initial value problem, with unknown 
boundary conditions in the contact zone. An incremental model of the contact problem between movable rigid or 
thermo-elastic body (tool) and thermo-elastic/thermo-visco-plastic-phases body (object) in updated Lagrange 
formulation, for spatial states (3D) was considered. The incremental functional of the total energy and 
variational, non-linear equation of motion of object and heat transfer on the typical step time were derived. This 
equation has been discretized by finite element method, and the system of discrete equations of motion and heat 
transfer of objects were received. For solution of these equations the explicit or implicit methods was used. The 
applications were developed in the ANSYS/LS-Dyna system, which makes possible a complex time analysis of 
the states of displacements, strains and stresses, in the workpieces in fabrication processes. Application of this 
method was showed for examples the modelling and the analysis of burnishing rolling, thread rolling and turning 
processes. The numerical result were verified experimentally. 
 
 

MODELOWANIE  I  ANALIZA  PROCESÓW  TECHNOLOGICZNYCH  
METODĄ  ELEMENTU  SKOŃCZONEGO 

 
W artykule przedstawiono problematykę modelowania i analizy numerycznej procesów technologicznych 

obróbki metali. Proces te rozpatrzono jako geometrycznie, fizycznie i cieplnie nieliniowe zagadnienie brzegowo-
początkowe, z nieznanymi warunkami brzegowymi w obszarze kontaktu. Do opisu zjawisk nieliniowych, na 
typowym kroku przyrostowym, wykorzystano uaktualniony opis Lagrange'a, traktując narzędzie jako ciało 
sztywne lub termo-sprężyste natomiast przedmiot jako ciało termo-sprężyste/termo-lepko-plastyczne-fazowe. 
Równania ruchu obiektu i ciepła wyprowadzono wykorzystując rachunek wariacyjny. Otrzymane równania 
wariacyjne dyskretyzowano stosując aproksymację właściwą metodzie elementu skończonego. Dyskretne rów-
nania rozwiązano stosując jawne metody całkowania. Opracowano aplikacje w systemie ANSYS/LS-Dyna, któ-
re pozwalają na kompleksową analizę stanów przemieszczeń, odkształceń, naprężeń w dowolnym miejscu ciała 
i w dowolnej chwili realizacji procesu obróbki. Przedstawiono przykładowe wyniki obliczeń numerycznych 
stanów naprężeń i odkształceń wybranych procesów technologicznych: nagniatania, walcowania gwintów i to-
czenia. Wyniki obliczeń numerycznych weryfikowano eksperymentalnie. 
 
 
1. INTRODUCTION 

 
The dynamic development of technology means that the greater are the requirements that are put before modern 

machines and equipment; even greater are the requirements in respect of durability and reliability of associated 
units which, in certain operational conditions, constitute tribological systems. 

Improper physical and stereometrical properties of the surface layer cause the failure damage in approxi-
mately 85% of modern machine units; they also influence the decrease in life and the increase of energy 
consumption to overcome frictional resistance. Nowadays, about 50% of the energy supplied is lost in the fric-
tion of elements in relative motion [1, 2] 

Thus, one of the most important technological problems in the manufacturing and in the recovery of elements 
is the formation of the surface layer, characterized by assigned physical and stereometrical properties and 
precision in dimension and form, that affects the target life and the reliability of the machined elements. Special 
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attention should be paid to those machine elements which are costly to manufacture, or which have a bearing on 
machine reliability and environmental pollution, etc. 

Knowledge of the guillotining process is based mainly on experimental methods, which are often expensive 
and unable to be extrapolated to other cutting configurations. Therefore, computational models, such as the finite 
element method (FEM), are valuable in reducing the number of trial-and-error experiments required to predict 
the state of material displacement, residual stresses, strains, material fracture, sheet deformations and quality of 
the sheared edge. 

Numerical analysis is a valuable tool to extend the period of time and knowledge of phenomena whose expe-
rimental researches is difficult or impossible. These are mainly phenomena occurring in extremely small areas, 
running at high speeds, existing in a very short time, and determining the results of the treatment process. For 
such problems, in particular: 

– friction, adhesion and slip, 
– displacement, strain, stress and temperature in the surface layer of the workpiece, 
– variability tool contact areas with the object and boundary conditions, 
– variability of the workpiece during machining. 
Understanding the effect of the treatment on the state of strain, stress and temperature in the surface layer of 

the workpiece is important for the correct design of the process. 
One major steps to achieve effective solutions to the Finite Element Method is to develop a universal model 

of the investigated process. At Department of Technical Mechanics at the Faculty of Mechanical Engineering of 
the Koszalin University of Technology were developed applications on the system ANSYS (APDL language), 
which allow a comprehensive time analysis for deformation (displacement, velocity, strain, strain rate), stresses 
and boundary condition in contact zone tool-object occurring in the object, both the spatial conditions as well as 
plane, in the processes technological precision machining parts (Fig. 1): cutting processes [8, 36, 37, 38, 45, 47, 
 55, 56, 62, 63, 66, 74], turning processes [20, 34, 57, 75], burnishing rolling processes  [1, 2, 3, 6, 7, 11, 17, 22,  
28, 29 ,31-33, 36, 46, 49, 51, 60, 61, 65, 71, 73, 76-78], sliding burnishing [43, 53, 57, 58, 68], cutting by an 
abrasive single grain [12, 14, 19, 21, 24, 25, 33, 39, 40, 72], embossing [12, 23, 30, 50, 70], thread rolling 
[1, 2, 4, 5, 9, 10, 13, 15, 16, 18, 26, 35, 41, 44, 48,  54, 67], duplex burnishing [13, 14, 36], drawing [27, 52, 69] 
and shot penning [42, 59, 64]. In applications were used a theoretical bases processes precision machining of 
modern parts, developed in [3, 6, 7, 15, 26, 27, 28, 31, 39, 40-42, 46]. 

 
Fig. 1.  Schema of precision machining of modern parts 

 
The latest trend in the modelling and analysis processes is the numerical modelling using Finite Element 

Method (FEM). It involves replacing the continuous object (the real) discrete object with separate sub-volumes 
and/or sub-areas – finite elements containing a finite number of nodes. The development of the computational 
capabilities of computers and software allows analysis of modern technological processes precision machining of 
parts using computer programs using FEM [79-81] and iterative calculation using the updated Lagrangian 
description [79]. 
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Numerical analysis is a valuable tool for understanding phenomena that experimental study is difficult or 
impossible. These are mainly phenomena occurring in extremely small areas, running at high speeds, lasting 
a very short time and determining the results of the sliding cutting or burnishing. Until such problems are, in 
particular friction, adhesion and slip, movements, strain, stress and temperature of the workpiece, the workpiece 
variability of cracking material. Numerical analysis also allows to determine the impact of technology on the 
quality of the product: the type of material and its state, geometry tools, the effect of processing conditions on 
the state of strain, stress and temperatures in the subject, shapes burrs, chips, quality surface finish. 

Fig. 2.  Schema of modern modelling and numerical analysis of technological processes  
and its implementation for the treatment of machine parts 

 
Knowledge of the physical phenomena occurring in the material, in areas where the tool is in contact with the 

object while the technological processes are carried out, is a basic necessity. It also enables the control of the 
properties of the surface layer of the product and the achieving of the greatest shape-dimensional accuracy. Thus, 
one of the most important technological problems in the metal forming processes is the calculation of 
displacement, strain and stress in the surface layer. The objective in this paper is to present the modern method to 
modelling, analysis and testing of a solution procedure for the geometrical, physical and thermal non-linear 
analysis of thermo-elastic/thermo-visco-plastic-phases behaviour with/without temperature-dependent material 
properties (Fig. 2). 

The incremental mathematical model of technological processes, in the updated Lagrange formulation, 
contain the constitutive equations (model of dynamical yield stress, thermo-elastic/thermo-visco-plastic-phases 
strains model, thermo-elastic/thermo-visco-plastic-phases stress model), the model of contact between tool-
workpiece, dynamic equation of motion and deformation, equations of heat transfer, initial and boundary 
conditions. First, variational method developed equation of motion and deformation for a typical step time. Then, 
equation with Finite Element Method (FEM) was discretized, given the equations of motion and deformation and 
head transfer of a discrete object. Then, the explicit (DEM) or implicit (DIM) schemes to step by step numerical 
solution are adopted. The algorithms of numerical analysis in ANSYS program for different technological 
processes were elaborated [8, 12, 14-24, 29-34, 36-43, 46-59, 62-78], where discrete equation was applied 
together with initial and boundary conditions. 
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2.  CONTINUOUS  INCREMENTAL  MATHEMATICAL  EQUATION S 
 
The incremental mathematical model of technological processes, in the updated Lagrange formulation, for 

typical step time ,t t tτ→ = + ∆  contain the constitutive equations (model of thermo-dynamical yield stress, 
thermo-elastic/thermo-visco-plastic-phases stains model, thermo-elastic/thermo-visco-plastic-phases stress mo-
del), the model of contact between tool-workpiece, dynamic equation of motion and deformation, model of heat 
transfer and initial and boundary conditions. 

 
2.1.  Incremental  model  of  thermo-dynamic  yield  stress 
 
Yield stress σY is the most important parameter characterizing the resistance of a thermo-visco-plastic deforma-

tion. The incremental model of yield stress for typical step time ,t t tτ→ = + ∆  is defined as [6, 7, 39, 40]: 
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where (VP)
eq∆ε  and (VP)

eq∆εɺ  are the increment of effective visco-plastic strain and strain rate, respectively,  σst is state 

stress depending of the accumulated effective visco-plastic strain and time t, 1( )F y y⋅ ∆  is the component of change 

in the initial yield stress 0σ  with a change of chemical composition; ( ) ( )
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strain rate, 2[ ( ) / ]F T T∂ ∂⋅ ⋅ ∆  is the component of change in the temporary yield stress with change of the 

temperature, 2 4[ ( ) / ] ( )stF F t t∂ ∂σ⋅ ⋅ ⋅ ∆  is the component of change of a temporary yield stress with time. 

 
2.2.  Damping  model 
 
Very essential and difficult problem during modelling of technological processes is the regard the 

phenomenon of dissipation energy. The dissipation of energy influences on decrease of displacement and 
dynamic stress in object. The difficulty depends on selection of proper physical model mainly as well as 
qualification of suitable values of his parameters. At present [79-81] usually the Rayleigh damping is used, 
which damping matrix C is calculated from equation: 1 2 ,α α= ⋅ + ⋅C M K  where M  and K  are mass and stiffness 

matrices, 1α  and 2α  are constants to be determined from two given damping ratios that correspond to two une-

qual frequencies of vibration. 
In case of modelling the dynamical processes one should apply the damping models dependent from velocity, 

strain and strain rate. For this reason we propose calculate the dissipation energy, for typical step time, from 
following Eq. [31]: 
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where ,i iu u∆ ∆ ɺ  are the ith increment components of displacement and velocity vectors at typical step time ∆t, 

respectively, iu  is accumulated ith component of displacement vector at time t. 

 
2.3.  Increment  components  of  total  strain  and  stress  tensor  models 
 
The aim of this section is to present a material model which includes the combined effects of thermo-ela-

sticity (in reversible zone) and thermo-visco-plasticity (in non reversible zone). The model takes into account the 
history of the strain, strain rate and temperature of material and a possibility of phase change to occur in it. 
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A basic assumption in the formulation of the model is that the usual small increment components ijε∆  of 

strain tensor ε∆T  can be expressed as the sum of thermo-elastic ( )TE
ijε∆ , visco-plastic ( )VP

ijε∆ , phases ( )F
ijε∆  and 

thermal ( )TH
ijε∆  increment strains: 
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are visco-plastic, thermal and phases strain tensor, respectively, mα  is the mean coefficient of thermal expan-

sion, ξ∆  is the coefficient of expansion into a phase change, 1ρ  and 2ρ  are the mass densities of old and new 

phase, 
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is the positive scalar variable - Lagrange’s coefficient, ij ij ijS S α= −ɶ  is the component of the reduced stress 

deviator σDɶ , ,(VP) (VP)
eq eqC(ε ,ε T)ɶ ɺ  is a materials parameter defining the components ijα∆  of the increment translation 

tensor α∆T , ( )E
ijε  is the cumulative elastic tensor component at time t, (VP)
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modulus at the time t, (VP)
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Y eq eqσ (ε ,ε T)= ∂ ∂ɺ ɺɺ  determines the sensitivity of the material at the rate of 

deformation, ,(VP) (VP)
Y eq eqσ (ε ,ε T)ɺ  is thermodynamic yield stress of the material at time t. 

Finally we obtain the isotropic material models which includes the combined effects of thermo-elasticity, 
termo-visco-plasticity for mixed hardening material and with a possibility of phase change to occur [39, 40]: 

 
• Increment components of visco-plastic strain tensor: 
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• Increment components of total strain tensor: 

     

(

,
E

3

2
)T,,(C

~
)]T,,([

3

2
S
~

CS
~

S
~

E)]T,,([
3

2

D
S
~

1

1

T
)VP(

eq
)VP(

eq
2)VP(

eq
)VP(

eqYkl
(E)
ijklij

ijzT
)VP(

eq
)VP(

eqY

kl
)E(

ijkl**t
t

ij

















 ⋅+⋅⋅+⋅⋅

⋅⋅⋅⋅
−

+⋅⋅
−

=

εεεεσ

ε∆εεσ

σ∆ε∆

ɺɺ

ɺɺɺ       (5d) 

 
• Increment components of total stress tensor: 
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or: 
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are Lame constants, while ( )E T  and ( )Tν  are temperature-dependent Young’s modulus and Poisson’s 

ratio, respectively, ijδ  is the Kronecker delta, ( )E
klε  is accumulated components of elastic strain tensor at 

time t. 
 
2.4.  Model  of  contact  tool-object 
 
The qualification of the area real shape of the bodies’ contact zones is combined with the determination in these 

areas of the states of loading mechanics (pressures and friction forces) and the state of the deformation of the object 
material, and the opposite. In practical considerations, these states are uncoupled in the way that the first one 
determines the shape and the field of the contact point area of bodies and then loads the result for these conditions. 
The above case of the contact problem has an essential meaning: the contact forces, contact stiffness, shape and 
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field of the contact area of bodies, contact boundary conditions and friction conditions in this area. Model of 
contact tool-workpiece and its application in technological processes was presented in [28]. 

The incremental models (1)-(5) with model of contact tool-workpiece were used for practical engineering 
analysis. These models are used for variational formulation of non-linear equation of motion of the technological 
processes. 

 
2.5.  Mathematical  incremental  model  of  heat  transfer 
 
Using an updated Lagrange description, assuming knowledge of the temperature field in the initial moments 

t0 and present time t, while looking for a solution to the next time ,t tτ = + ∆  where t∆  is a very small 
incremental of time [12, 39]. Then the equation for a typical incremental step ,t τ→  in the global coordinate 

{ }z is assumed: 
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are the rate of incremental spatial heat sources generated by electrical current and by visco-plastic deformation, 
where ( ) ( )( , , )VP VP

Y eq eq Tσ ε εɺ  is accumulated yield stress, depending on the history of visco-plastic strain ( )VP
eqε  and 

strain rate ( )VP
eqεɺ  and temperature T, R(T) is temperature-dependent electrical resistance of material, 1( )Tρ  is 

temperature-dependent resistivity of material, S∑ is the field of the areas contact Σk, ξ = 0.05 ÷ 0.1 is the coefficient 
energy absorption, ke is the coefficient (for constant current ke=1 and ke = 0.7 ÷ 0.97 for alternating current). 

The equation of heat transfer (6) ÷ (6c) are completed with the initial condition and the four boundary 
conditions. 

Initial  condition 

Initial condition describes the temperature field at time which is the initial moment: 

                0 0( , ) ( )T t t T= =z z ,   .V∈z           (7) 

In typical processing conditions in technological processes, the temperature of the object at time 0t t=  is 

constant, then: 
     0 0( , )T t t T const= = =z            (8) 

where T0 is ambient temperature. 
 

Boundary  conditions 

–  conditions of I gender – the temperature may be prescribed at specific points in the surfaces, denoted by 
ΣT, and/or at the specific points in the volume of the body, denoted by VT: 

( , ) ( , ),oT t T t=z z     or    ( , ) ( , ),oT t T t∆ ∆ = ∆ ∆z z     T∈Σz          (9) 

–  conditions of II gender  –  in the contact area tool and object Σk, heat flows: 
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( ) [ ( , )] ( ),o o o FI FT grad T t b q qµλ− ∆ ∆ = ∆ + ∆n z�
 

,k∈Σz        (10) 

   ( ) [ ( , )] ( ),b b b FI FT grad T t b q qµλ− ∆ ∆ = ∆ + ∆n z�    ,k∈Σz       (11) 

–  conditions of III gender (continuity of the heat flows): 

  

( , ) ( , )
( ) [ ( , )]

( , )

( ) [ ( , )], ,

o b
o o

s

b b k

T t T t
T grad T t

R t

T grad T t

λ

λ

∆ ∆ − ∆ ∆
− ∆ ∆ =

∆

= − ∆ ∆ ∈∑

z z
n z

z

n z z

�

�

      (12) 

where Rs is the heat resistance in the surface contact (for ideal contact Rs=0), bo and bb is the heat division 
coefficients for burnishing element (b) and object (o), )](T[grad ⋅∆�n  is the scalar product, q [ ]SI∆ ⋅  and 

][qS ⋅∆ µ  are the rate of incremental surface heat sources generated by electrical current (heat of Joule’s) 

and fretting per unit surface, 
 
– conditions of IV gender – they are in areas ΣC i ΣR, in which exchange heat is on road convection and 

radiation, then the boundary conditions are defined by: 

     ( ) ( ) [ ( , )],C C cq T T T grad T tα λ∆ = ⋅ ∆ = − ∆ ∆ ∈Σn z z�           (13) 

( ) ( ) [ ( , )],R R Rq T T T grad T tα λ∆ = ⋅ ∆ = − ∆ ∆ ∈Σn z z�        (14) 

where Cq∆  and Rq∆  are incremental intensity flow heat exchange with the environment by convection and 

radiation, ( )C Tα  and ( )R Tα  are temperature - dependent convection coefficient and radiation coefficient 

[3]. 
Equations (6)-(6c) with initial condition (7) and (8), and boundary conditions (9)÷(14) are a full mathe-

matical description of heat transfer during the technological processes, at the typical incremental time step. The 
analytical solution is impossible, therefore in the next section we are introduced variational formulation. 

 
3. VARIATIONAL FORMULATION 

3.1.  Variational  equation  of  motion  and  deformation 

The equation of motion and deformation of the object is developed in the updated Lagrange’s formulation. At 
this case a functional increment is formulated for increment displacement ,i i i∆F(∆u ,∆u , u ) ∆F( )∆ = ⋅ɺɺ ɺ  where iu∆ɺɺ  

are the ith increment components of the acceleration vector. Using the conditions of stationary of functional ∆F( )⋅ , 

we obtain a variational equation of motion and deformation: 
 

+⋅⋅⋅+⋅⋅⋅⋅⋅+

+⋅⋅⋅⋅⋅+⋅⋅⋅⋅⋅+

+⋅⋅⋅⋅⋅+⋅⋅⋅⋅⋅+

+⋅⋅⋅⋅⋅+⋅⋅⋅⋅⋅+

+⋅⋅⋅⋅⋅+⋅⋅⋅⋅⋅+

+⋅⋅⋅⋅⋅+⋅⋅⋅⋅⋅−

+⋅⋅⋅⋅+⋅⋅+⋅=⋅

∫∫

∫∫

∫∫

∫∫

∫∫

∫∫

∫∫

dV)~(C~dV)(C)(
2

1

dV~C)(
2

1
dVC)~(

2

1

dV~C)~(
2

1
dV)(C

2

1

dV~C)~(
2

1
dV)(C

2

1

dV)~(C
2

1
dV)(C~

2

1

dV)~(C~
2

1
dV)u(u2

dV)u(udV)u()uu()]([

kl

V

*)E(
ijklijkl

V

)E(
ijklkl2

kl

V

)E(
ijklkl2kl

V

)E(
ijklkl2

kl

V

)E(
ijklkl2kl

V

)E(
ijklij2

kl

V

)E(
ijklkl2kl

V

)E(
ijklij2

kl

V

)E(
ijklij2kl

V

)E(
ijklij2

kl

V

)E(
ijklij2jiji

V

ii

V

1iii

V

ε∆δε∆ε∆δε∆δα

ε∆ε∆δαε∆ε∆δα

ε∆ε∆δαε∆δε∆α

ε∆ε∆δαε∆δε∆α

ε∆δε∆αε∆δε∆α

ε∆δε∆α∆δΩ∆ρω

∆δ∆ρα∆δ∆ρ∆δ

ɺ

ɺɺ

ɺɺ

ɺɺ

ɺɺ

ɺɺ

ɺɺɺɺɺF

      (15) 



MECHANIK NR 3/2015 ___________________________________________________________ 325 

 

  

,0d)u()q̂q̂(dV)u()ff(

dV)u(rdV)()T(
2

1

dV)~()T(
2

1
dV)(C

dV)~(CdV)(C~

kiiiiii

V

iijiji

V

2
kl

V

**
ijij

kl

V

**
ijijkl

V

*)E(
ijklij

kl

V

*)E(
ijklijkl

V

*)E(
ijklij

k

=⋅⋅+−⋅⋅+⋅−

+⋅⋅⋅⋅⋅⋅−⋅⋅+⋅+

+⋅⋅+⋅+⋅⋅⋅+

+⋅⋅⋅+⋅⋅⋅+

∫∫

∫∫

∫∫

∫∫

∑

Σ∆δ∆∆δ∆ρ

∆δΩΩρωε∆δσ∆

ε∆δσ∆ε∆δε∆

ε∆δε∆ε∆δε∆

 

where ijT  are the components of Cauchy’s stress tensor, ijε∆ ɺ , ijε∆ ɺɶ  are linear and non-linear increment components 

of Green-Lagrange’s strain rate tensor, , ,( )/2ij i j j iu uε∆ = ∆ +∆  and , ,( ) / 2ij i k j ku uε∆ = ∆ ⋅∆ɶ  are the linear and non-

linear increments components of Green-Lagrange’s strain tensor, respectively, ρ is the mass density at time t, ijε  

are a accumulated components of total strain tensor at time t (depend on the history of deformation), ,i if f∆  are 

the components of the internal force and incremental force vectors, respectively, ,i iq q∆  are the components of 

the externally applied surface force and surface incremental force vectors in the contact body zones, respectively, 
Ωij is the component of the gyro tensor. The integrations are performed over the volume V and surface Σ of the 
body, respectively. 
 

3.2.  Variational  equation  of  heat  transfer 
 

For the variational formulation of the equation of heat transfer in the technological processes, at the typical time 
step, is introduced an incremental functional ( ,  ',  , ...),T T T∆ ∆ ∆ ∆F ɺ  in which is one independent field – it is 

temperature field, and its derivatives: ( ) /T d T dt∆ = ∆ɺ , 3' ( ) /T d T dy∆ = ∆ . This functional has differential 

equations  (6)-(6c) in the global Cartesians coordinate {z} and boundary conditions (9)÷(14). Using the conditions 
of stationarity of functional we obtain (because T∆  is the only variable) in the global system {z}  [39]: 
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          (16) 

Equation (16) is variational formulation of heat transfer at the typical step time, in updated Lagrange’s 
description in technological processes. The equations (15) and (16) provides the basis for the finite element 
discretization for obtain the solution. 

 
4.  IMPLEMENTATION  OF  THE  FINITE  ELEMENT  METHO D  

4.1.  Discretized  equation  of  motion 

Assume that the complete body under consideration has been idealized as an assemblage of finite elements, 
we obtain the discretized equation of motion for an assemblage of elements in the global coordinate {z}, at ty-
pical step time ,t t tτ→ = + ∆ in the form: 

       ( ) ,⋅ ∆ + ⋅ ∆ + + ∆ ⋅ ∆ = ∆ + ∆ + +M r C r K K r R F R Fɺɺ ɺ       (17) 

where the mass matrix M , damping matrix C stiffness matrix K  and force vector F are knows at time t, however 
the increment stiffness matrix ∆K , external incremental load vector ∆R, internal incremental forces vector ∆F, 
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and the incremental vectors of displacement ∆r , velocity ∆rɺ , and acceleration rɺɺ∆  of finite element assemblage 
at typical step time are not knows. For solve of this problem the DEM and DIM integration methods are used. 

 
4.2.  Discretized  equation  of  heat  transfer 
 
Assume that the complete body under consideration has been idealised as an assemblage of finite elements, 

we have, at step time ,t t t→ + ∆  for element e and m: 
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        (18) 

where: ( )eT∆  is the temperature increment of finite element e, ( ){ }e∆Θ  and ( ){ }e∆Θɺ  are vectors of increments in 

the nodal point temperature and of increments in the nodal point temperature rate, at all N nodal points, 
respectively.  

Using the relation (18) in the variational equation (16), we obtain the discretized equation of heat transfer 
equilibrium in the global coordinate {z} (the non stabilized heat transfer): 

               I[ ] ([ ] [ ] [ ] [ ]){ } { } { } ,IVK C R∆ + + + + ∆ = ∆ + ∆C Θ K K K K Θ Q Qɺ{ }       (19) 

where [ ]C  and ][ KK , ][ CK , ][ RK , ][ IVK  are the heat capacities, conductivity, convection and radiation 

matrices and total nodal point conditions of IV gender, }{ Q∆  is the nodal point increment heat flow input vector, 

}{ IQ∆  is the vector of nodal point of the boundary conditions of  I gender. 

 
5.  DYNAMIC  EXPLICIT  METHOD  ALGORITHMS 

5.1.  Solution  the  discretized  equation  of  motion 
 
Assuming that the temporary step time t∆  is very small, it is possible to remove the incremental stiffness 

matrix ( )0≈∆K  and internal incremental force vector ( )0≈∆F . Then, using the principle of incremental 

decomposition, approximating the rɺ  and rɺɺ  in terms of r  in equation (17) using the central difference method 
(DEM), and using the following approximate [11]: 

   ( )1
,

2
t t t

t
τ −∆= ⋅ −

∆
r r rɺ        ( )2

1
2 ,t t t t

t
τ −∆= ⋅ − ⋅ +

∆
r r r rɺɺ        (20) 

we obtain the solution of t
τ r : 

     ,t
τ⋅ =M r Qɶɶ           (21) 

where Mɶ  is the effective mass matrix and Q
~

 the effective load vector: 

             0 1a a= ⋅ + ⋅M M Cɶ        (21a) 

       ( )0 12 ,t t t t ta a−∆ −∆= + + ⋅ ⋅ ⋅ − + ⋅ ⋅Q F R M r r C rɶ      (21b) 

with the integration constants: 2
0 11/ , 1/(2 ).a t a t= ∆ = ∆  

 
Step-by-step  solution  using  the  Central  Difference  Method 
 
In this section, the Central Difference Method [79-81] is adopted to solve Eq. (21)-(21b) with initial and 

boundary conditions. 

Initial  calculations: 

1. Form mass M  and damping C  matrices. 

2. Initialise vectors: r0 , rɺ0  and 0 .rɺɺ  

3. Select a time step /cr Nt t T π∆ < ∆ =  and calculate the integration constants a0 and a1. 
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4. Calculate vector rt∆− . 

5. Form an effective stiffness matrix M
~

 from equation (21a). 

For  each  time  step: 

1. Calculate the effective load vector Q
~

 from equation (21b). 
2. Partitioning the equilibrium equation for two blocks, write the problem in the form: 

    
1 1

111 12 1
1 1

221 22 2

,
nn n n w n

t
ww n w w w

t

τ

τ

×× × ×

×× × ×

       =    
       

rM M Q

rM M Q

ɶɶ ɶ

ɶɶ ɶ
 

where vectors 1
2
w×r , 1n

1
~ ×Q  are known and vectors 1n

1
×r , 1w

2
~ ×Q  are unknown. 

3. Solve for the displacement vector 1n
1t

×τr : 

1 1 1
1 11 1 12 2( ) [ ],n n n n w w

t t
τ τ× × − × ×= ⋅ − ⋅r M Q M rɶɶ ɶ  

4. Substitute vector 1
1
n

t
τ ×r  into the equation: 

        1 1 1
2 21 1 22 2 ,w w n n w w w

t t
τ τ× × × × ×= ⋅ + ⋅Q M r M rɶ ɶ ɶ  

and solve to obtain the load vector 1
2

w×Qɶ  in the tool-object contact zone. 

5. Calculate the vectors t rɺ  and rɺɺt  from equation (20). 

 

5.2.  Solution  the  discretized  equation  of  heat  transfer 
 
Application the Dynamic Implicit Method (DIM) to solve the discretized equation of heat transfer was 

presented in [12, 39]. In this section to solve this equation the Dynamic Explicit Method (DEM) was presented. 

Using the principle of incremental decomposition, approximating the θɺt  in terms of θ  in equation (19) using 
the central difference method (DEM), and using the following approximation: 

                 
1

{ } ({ } { }),
2

t t t

t
τ −∆= ⋅ −

∆
θ θ θɺ         (22) 

we obtain the solution of }{ θτ : 

             [ ] { } { },τ⋅ =C θ Qɶ          (23) 

where { }Qɶ  the effective load vector: 

I 1 1
{ } { } { } [ ] { } [ ] [ ]{ }.

2 2
t t t t t

t t
−∆ −∆= ∆ + ∆ + ⋅ + ⋅ ∆

∆ ∆
Q Q Q C θ C Θ K Θɶ ɺ ɶ{ }-     (23a) 

 
Step-by-step  solution  using  the  Central  Difference  Method 
 
In this section, the Central Difference Method [79-81] is adopted to solve Eqs. (22) and (22a). 

Initial  calculations: 

1. Form matrix[ ], [ ], [ ], [ ]t t k t c t rC K K K  and IV[ ]tK  and calculation the effective matrix [ ]t Kɶ : 

    IV[ ] [ ] [ ] [ ] [ ] [ ]t t t k t c t r t= + + + +K C K K K Kɶ  

2. Form vectors }{ Q∆  and I{ }∆Q . 

3. Calculate (initialise) }{ tt θ∆− , }{ Θɺtt ∆−  and }{ t Θ∆ . 

For  each  time  step: 

1. Calculate the effective load vector Q
~

 from equation (23a). 
2. Partitioning the equilibrium equation for two blocks, write the problem in the form: 
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1 1

11 12 1 1
1 1

21 22 2 2

,
n n n w n n

w n w w w w

τ

τ

× × × ×

× × × ×

      =    
      

C C θ Q

C C θ Q

ɶ

ɶ
 

where vectors 1
2
w×θ , 1

1
n×Qɶ  are known and vectors 1n

1
×θ , 1w

2
~ ×Q  are unknown. 

3. Solve for the displacement vector 1n
1t

×τθ : 

    1 1 1
1 11 1 12 2( ) [ ],n n n n w wτ τ× × − × ×= ⋅ − ⋅θ C Q C θɶ  

4. Substitute vector 1
1
nτ ×θ  into the equation: 

1 1 1
2 21 1 22 2 ,w w n n w w wτ τ× × × × ×= ⋅ + ⋅Q C θ C θɶ  

and solve to obtain the load vector 1w
2

~ ×Q  in the tool-object contact zone. 

5. Calculate the vectors θɺt  from equation (22). 

 
6.  EXAMPLES  OF NUMERICAL  SOLUTION 

6.1. Burnishing rolling process with electrical current [3] 
 
The analysis has been carried out using the following data: type of part - a roller, diameter of roller 
30d = mm; roughness profile of the transverse surface in accordance with projection case I (triangular aspe-

rities) with the parameters 0.142tR = mm; 1 2 55α α= = � ; 0.2tp = rpm; burnishing by means of a 60D = mm 

diameter roller-shaped element; depth of burnishing 0.071g = mm; burnishing feed 0.2b tp p= = rpm; velocity 

of burnishing rolling 1.5bv =  m·s-1. Also, we assumed the data: 

– intensity of electrical current: 0;100; 300; 500; 700,I = A, 

– heat capacity: 484 0.01 ,C T= + ⋅∆  J/(kg·K),  
– resistivity: 

8
1 15 (1 0.00196 ) 10 ,o Tρ −= ⋅ + ⋅ ∆ ⋅  Ωm, (object), 

– coefficient of fretting: 
)T000015.01()v003.01( r0 ∆µµ ⋅−⋅⋅−⋅= , 

– heat conductivity coefficients: 
     ,T012.042o ∆λ ⋅−=  W/(m·K), (object), 

  ,T0032.02207.13b ∆λ ⋅−=  W/(m·K), (tool), 

– mass density: 7850 /(1 ),Tρ α= + ⋅ ∆  kg·m-3. 

We demonstrate the results of non-linear 3D analysis in figures 3÷5. 
 

 

Fig. 3.  The field of resultant temperature increment ∆T on surface in contact with the tool 
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Fig. 4.  Distribution of the resultant temperature T into surface layer object and tool on axis )0xx(x 213 == , 

depending on the intensity of the electric current for 5.1vb =  m·s-1 and 02.00 =µ  (perfect contact 

0Rs = ) 

 

 
 

Fig. 5.  Temperature distribution in the tool and object in the axial section for the perfect contact 0Rs =  (a) 

and with thermal resistance 094.0Rs = m2·K·W-1, (the condition IV) at the contact tool-object) (b) 

 
 
In order to verification of results of computer analysis experimental research of the process of burnishing 

with current were conducted in stand shown in figure 6. 
Figure 7 shows scanning micrographs of exemplary microstructures of samples before and after burnishing. 
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Fig. 6.  Stand for burnishing rolling with current [3]: 1 – lathe, 2 – burnishing attachment, 
3 – hydraulic feeder, 4 – coolant feeder, 5 – ammeter, 6 – welding transformer 

 

 

Fig. 7.  Exemplary microstructures of surface layer before burnishing (a)  (initial pearlitic - ferritic 
microstructure for steel C55) and after roller burnishing with current (b) (martensitic micro-
structure) [3] 

 
 

6.2. Thread  rolling  process  [26] 
 

Simulation studies the rolling process of the thread (Fig. 8) was carried out in two stages. In the first stage, 
using a sensitivity analysis the effective discrete model of the process was determined. In a second step, using 
the discrete model developed, the calculations were performed in order to define the influence of friction 
coefficient on the state of deformation (displacements and strain) and stress in the surface layer of the object. 
The rolling process were considered as isothermal, carried out cold at ambient temperature. 

The numerical analysis for 2D states of deformation and 3D states of stress was applied on the example of 
steel C55. The tool is considered as rigid ∞→E  or elastic body, however the material model as an elasto/visco-
plastic body with non-linear hardening. The model has discretized by finite element PLANE183 with non-linear 
function of the shape. 

 
 

 
 
Fig. 8.  Computer model of the axial thread rolling process on cold of the thread on the bars or pipes 

by an angle head comprising four rollers [26]: 1 – head, 2 – blank, 3 – handle 
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6.2.1. Sensitivity  analysis 

The sensitivity analysis is defined as a measure of the response of the system changes due to a change of the 
selected parameter called the decision variable. In the case of the FEM analysis of the thread rolling process, an 
important issue is to determine how is the sensitivity of the maximum strain and stress at points of discrete  body 
to: changing the size of the finite element, number of finite elements and element shape function. 

 
Influence  of  the  size  of  the  finite  element 
The shape factor SF of the finite element is defined as the ratio of height A to width B of the finite element 

( A/BSF= ) (Fig. 9). 

  
Fig. 9.  Finite element mesh, the distribution of successive layers and the definition of shape factor 

 
It is preferred that the shape factor was close to unity. Due to the a strong geometrical non-linearity, 

particularly in the bottom and top of the thread, the  models were used, from discrete finite elements with a big 
shape factor. In order to reduce the number of degrees of freedom of the model is to minimize the number of FE 
by increasing the height of elements. In order to determine the rational of the shape of FE was performed 
computer simulations to determine the influence of the SF on the distribution of stress and strain and the 
accuracy of the mapping thread profile. Due to the symmetry of the model examined half of the profile. The 
analysis was performed using an application developed in ANSYS system. For the discretization of the object 
element type PLANE183 was used with eight key 8-node with a non-linear shape function. In order to determine 
the maximum of the equivalent stress and strain by the hypothesis Huber-Mises-Hencky in the thread, depending 
on the shape factor SF variants of models were developed with different mesh division. Table 1 summarizes the 
computational variants of the thread. The following values of the shape factor was considered: 

0,11; 0,25; 0,43; 0,66, 1;1,5; 2,33; 4 9SF i= . 

 
Tab. 1. Variants of the finite element mesh 

SF 0,11 0,25 0,43 0,66 1 1,5 2,33 4 9 

n – number of layers 205 182 160 136 114 91 91 46 23 

NFE – number of FE 8352 14834 19484 22048 23054 22220 19546 15032 8678 

NN – number of nodes 25645 44931 58697 66221 69067 66393 58199 44485 25251 

NDF – number degrees 
of freedom 

51290 89862 117394 132442 138134 132786 116398 88970 51042 

 
 
Examples of simulation results influence of the SF on the accuracy the mapping tool, shown in Figure 10. 

The red line indicates outline tool. From the drawings it is apparent that the correct image on the contour of the 
tool takes place only for 1SF ≥ . For the 0,11SF ≤  following was observed finite element object penetration by 
the elements of the tool. In Figure 7.4 shows the effect of SF on the states of maximum equivalent stress and 
strain. Most beneficial results calculated stress and strain are obtained for 0,67 1,5SF = ÷ . Further increase SF 
(up to nine) does not have a significant impact on the accuracy of the calculation, defined as the difference values 
in the elements and nodes. 
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Fig. 10.  View of deformation of the finite element mesh for different shape factor [26] 

 
 

 
 
Fig. 11.  The calculated maximum equivalent stress and strain values for different values of shape factor 

finite element [26] 
 
The calculation results presented in Figure 11 demonstrate a strong convergence  with the values of shape 

factor. In the range of aspect ratio, it was found that the best solutions were obtained with 0,67 1,5SF = ÷ . 
Consequently, in the subsequent analyzes to develop an effective discrete model, was adopted 1SF = . 

 
The effect of the finite element mesh density 
The next step of the sensitivity analysis was to determine of the effect of the finite element mesh density on 

the results of the calculations. In order to determine the object mapping tool and to set the maximum of the 
equivalent stress and strain of trapezoidal thread as a function of the density model variants were prepared with 
different numbers of finite elements. Calculations were performed for models that include the following number 
of finite elements 220, 920, 3680, 8280, 22280, 32880 and 45600NFE = . Table 2 summarizes the calculation 

options for 1SF =  for trapezoidal thread. For discretization was used the finite element PLANE183 type with 8-
eight-nodes and non-linear shape function. 

 
         Tab. 3.  The parameters of discrete effective models for trapezoidal and round threads 

 Trapezoidal thread Round thread 

SF (shape factor) 1 1 

NFE (number of FE) 32280 17640 

NN (number of nodes) 99433 53317 

NDOF (number degrees of nodes) 198866 106634 

Finite element type  PLANE183 PLANE183 

 
Influence  of  thread  rolling  conditions  on  the  states  of  stress  and  strain  in  the  round  thread 
Analyzing the distribution of deformation of the finite element grid and state of effective strains and stresses, 

presented in figures 13 and 14, where the influence of the lubrication condition is observed. For 0µ =  in the 

contact zone tool – workpiece (Fig. 13a), during the forming the outline of the thread, material isn’t braking by 
tool and slide through the contact surface. The curving of vertical line of the finite element grid is invisible. 
Other side, increase the friction coefficient causes increase braking of the material. For high value of the friction 
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coefficient (Fig. 13c) occurs strong braking of material in the contact zone. Form also the adhesion zone of 
material. That cause higher displacements of material in the zone placed father from the contact zone. Then the 
line of the finite element grid are stronger curved. 

 

 

Fig. 13.  The deformation of grid and the maps of effective stresses in the thread  
on a longitudinal cutting plane for various value of frictions coefficient 

 
The friction coefficient has high influence on value and distribution of strain. For 0µ =  the maximum of effect-

tive strain 0,78eqε =  is located on the bottom of the thread, near to the contact surface (MX1, Fig. 14a). For 0µ >  

appear an adhesion zone of material in the bottom of the thread, which take characteristic shape of a wedge. In this 
zone the value of strain is very small. For 0,39µ =  strains are closer to the contact surface and getting smaller to 

value 0,0016eqε =  (elastic strains) (MN, Fig. 14b). Whereat the local maximum of strains (MX1) moving down in 

surface layer. Then appear additional two local maximums of the effective strains. Second maximum (MX2) is 
placed near to the contact zone of the side of the thread, where higher value of friction coefficient increase strains 
value from 0,176eqε =  for 0µ =  (Fig. 14a) to value 0,54eqε =  for 0,39µ =  (MX2, Fig. 14b). Next one local 

maximum (MX3) is located in depth of material on symmetry axis pass through top of the thread. Here, strains 
are getting smaller together with increasing of friction coefficient from value 0,351eqε =  for 0µ =  (Fig. 14a) to 

0,423eqε =  for 0,39µ =  (Fig. 14b). 

 

 

Fig. 14.  The maps of effective strains in the thread on a longitudinal cutting plane for various 
value of friction coefficient 
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Figure 15 shows a comparison of the outline thread and the particle deformation (grid) (Fig. 15a), with the 
results of model studies (Fig. 15b) and results of numerical analysis according (Fig. 15c) and method II 
(Fig. 15d). Good agreement allows us to state that the effective discrete model for thread rolling is developed 
properly. 

 

 
Fig. 15.  Comparison of experimental results (a, b) with the results of numerical calculations (c, d) 

 
6.3. Turning  process  [33] 
 
For the correct modelling and analysis of the turning process, the knowledge of the course of the physical 

phenomena occurring in the machining zone in real conditions (i.e. geometry of tool and technological 
parameters) proves to be necessary. For this purpose, an analysis of the process of turning was conducted. The 
model of tool is considered as rigid or elastic body. The object is considered as the elastic/visco-plastic body 
(isothermal process). Numerical simulation in the ANSYS system was conducted for four different materials 
(failure strain 1,5; 2; 2,75; 4fε = ) and four turning speed: 40; 80;160; 300v =  m·s-1. The object machined and 

the tool were digitized by elements of PLANE162 type with a non-linear function of shape. The contact tool with 
body was modelling by Single Surface Auto 2D (ASS2D). The net of finished elements was concentrated in the 
contact area. Sample simulation results are presented in Figs. 15 and 16. 

 

      
 

      
 

Fig. 15.  Chip geometry and maps of effective stress during turning process for different material steel [33] 
 

 

1,5fε = 2,0fε =

 

2,75fε = 4,0fε =
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Fig. 16.  Chip geometry and maps of effective stress during turning process for different turning speed 
300;160;80;40v = m·s-1[33]  

 
 
 
The numerical results were compared with experimental results (Figs. 17-19). 
 

a) 

 

b) 

 
 

Fig. 17. Fragments of a single chip of the screw (a) with a part of its outer surface (b) [57] 
 
 

a) 

 

b) 

 
 

Fig. 18.  Chips long strip (a) and the screw open long (b) [57]  
 

1160 m sv −= ⋅
 

1300 m sv −= ⋅

140 m sv −= ⋅  
180 m sv −= ⋅
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a) 

 

b) 

 
 

Fig. 19.  View of a portion of the helical chip (s) and the associated arc chip (b) [57] 
 
 

7.  CONCLUSIONS 
 
The paper presents a possibility of applying the variational and finite element methods for the analysis of 

physical phenomena in the technological processes. 
The technological processes are geometrical, physical and thermal non-linear initial and boundary problem. 

Boundary conditions in the contact zone tool-object are not known. Measurement of a process parameters decide 
on the technological quality, such as: displacement, strain, stress, etc. during the process with nowadays 
technique of a measurement is impossible. About their course, we could conclude on the property of the product. 

An application of modern mathematical modelling, numerical methods and computing systems allows an 
analysis of complex physical phenomena occurring in the process under investigation. The update Lagranian 
description has been used to describe nonlinear phenomena, on a typical incremental step. The states of strain 
and strain rate have been described by mean of nonlinear dependence without any linearization. The proper 
measures of strain and stress increments, i.e. the increment of Green-Lagrange’s strain tensors and the increment 
of the second symmetric Pioli-Kirchhoff’s strain tensors were applied. The nonlinearity of the material was 
described using the incremental model, making allowance for the effects of strain history and strain rate, and 
temperature. The workpieces have been considered treating an object as a body which can undergo thermo-
elastic strains (in the range of reversible strain), thermo, viscous, plastic and phases (in the range of permanent 
strains). This body (thermo-elastic/thermo-visco-plastic-phases) has been designated as TE/TVPF. The material 
model was prepared making use of Huber-Mises-Hencky’s nonlinear condition of plasticity, the associated law 
of flow and the mixed (isotropic-kinematical) strain hardening. The state of material after pre-processing was 
also taken into consideration introducing the initial conditions of displacements, strains, stresses and their rates. 
The incremental contact model obtained comprises the contact forces, contact rigidity, contact boundary 
conditions and friction conditions in this area. Then, the incremental functionals of the total system energy or 
entropy, were derived. From stationary condition of these functionals derived variational, nonlinear equation of 
motion and heat transfer for object on the typical incremental step time. These equations has been solved with 
finite elements spatial discretization, where the discrete system of motions and deformations equations of objects 
in the technological processes, were recived. The applications developed in the ANSYS system enables a time 
analysis of the technological processes with the consideration of the changeability of the lubrications conditions. 
On the course of physical phenomena in the working zone we can forecast a technological quality of the product. 

The examples demonstrate the possibilities of numerical calculation of the developed method. Using 
mathematical incremental models, step-by-step numerical algorithm and we can perform a comprehensive 
analysis of thermal phenomena during the process of burnishing, even if we only partially know the temperature 
boundary conditions (knowledge of the temperature distribution in the contact zone object and tool is unknown). 
We can determine the temperature distribution and the distribution of heat fluxes for data of the initial state of 
the object, the pre-treatment conditions and the conditions of burnishing, or vice versa - to the desired 
temperature, we can determine the initial state of the object and conditions for implementing the pre-treatment 
and burnishing. 

The obtained results of the computer simulation of the thread rolling process show that the friction coefficient 
influence on the states of displacements, strains and stresses in the surface layer of the thread, also is one of the 
factors deciding about the technological and the exploitation quality. The best operational quality of the thread is 
received during the rolling process on great lubrication conditions ( 0=µ ). The simulation results for condition of 

lubrication can be use of while to designing the round thread rolling process: making a selection of the process 
condition and kind of the lubrication factor in the aspect of the technological quality of the thread. 
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The distributions of stresses obtained for different turning conditions, can be used of while designing ma-
chining: making a selection of the machining conditions and its optimising in the aspect of the technological qua-
lity of the product. 

Good agreement numerical results with experimental results allows us to state that the effective discrete mo-
dels were developed properly. 

The methodology can be applied to the calculation of the state of strain, stress and temperature fields in other 
metal forming processes such as embossing of regular asperities before burnishing or thread rolling with electro 
contact heating and other technological processes i.e.: cutting processes, turning processes, burnishing rolling 
processes, cutting by an abrasive single grain, embossing, thread rolling, duplex burnishing, sliding burnishing 
and shot penning. 
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